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The general problem of asymptotic atablllzatlon of steady-state motions of 
nonlinear control systems 111 was e&mined in 123. In this paper, conditions 
of i&ability are established In the first approximation for nonatatlonary 
systems In one particular case. 

We examlne the following control system: 

dY ldt = f(& Y, @) (Y E {R"), 0 E {Brn)) (1) 

where I Is a given vector function, Y Is the vector of phase coordinates 
of the system. 
dlaturbances. 

Vector UI Is the control which we consider unaffected by 

ln (1) 
Vector y 1s subject to small perturbations x , so that 

Y (t) = Y* (t) + x ;4 (2) 

Here v*(t) la a given motion generated by the control w*(t) . We let 

u= 0 -a* (t) (3) 

Substituting (2) and (3) Into Equation (1) and expanding the right-hand 
side with respect to quantities 3: and u we obtain equations of perturbed 
motion 

dx -= 
dt 

5 p+ ; _co,* j=laoi +Jxi+ ii g”i+g(‘*x*‘) (4) 
i=r 1 jzl i 

where derivatives are computed along the motion y - v*(t) ; u(t, X, u) 
designates terms the order of which with respect to x and u is uniformly 
higher than first in t for O< t < 00 , 
Inequality 1s fulfilled 

I.e. we assume that the following 

lie 0, 21 4 II < N Tll =ll+ It u llJ'+" (N = const> 0, a = con&> 0) 

Symbol IIgII designates Euclidean norm of vector q -1 (q,,...,qk} 

II!7ll= v/Q1*+...+!@ 

(5) 

If for 1~ - 0 the zeroth solution of system (4) la unstable, the problem 
of stablllzatlgn of motion (1) arises, I.e. the problem of selecting such a 
function u(t, x) that on substitution of this function in (4) the zeroth 
solution *. I 0 would be asymptotically stable according to Llapunov (11. 
Thus we shell examine the following system: 

dx / dt = A(t) z + B (t) u + g (t, I, u) (6) 

where ,4(t) 1s an n x n matrix, B(t) Is an n X m matrix, u 1s m-vector 
and Q 1s a vector-function which satisfies Inequality (5). In detailed 
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notation system (6) has the form 

(i = 1, I. .) n) (7) 
jll k-1 

Together with the complete system (6) we shall exanrine the system of first 
approximation 

dx I clt = A (1) 32 + u (1) ft (8 

We assume here that elements 
B(t) have time derivatives 

s,,(t) and b, (2) of matrices ~(tf and 
da,,,& and db,,/dt We limit ourselves to 

the examlnation of the case where for each fixed value t I r I const > 0 
the rank of the matlx 

V = {B(T), A (t)B (z), . . .,dn-l (r) B (2)) (9) 
is equal to (n) 

F (v) = I& (10) 

Sufficient conditions will be established below for which the unperturbed 
motion of system (6) Is stabilized by linear control 

U = P(t)& fQ’ “k(f, 5) = ~ Pkj(')X~ fk = I, , I ., m) (11) 

independently of members q(t, x, u) . 
j=l 

Let us examine matrix (9). We select any n columns 1(") from this matrix 
and construct the quadratic form from some variable X, 

0 (h) = i (ifi) (T)‘t(j) (7)) hihj 

i,j==l 

&*) 
Here the.symbol (z'~~(~).~"'(~)) designates the scalar product of vectors 
and f(I). The form (12) will play a f‘undamental role in the cr%terion of 

stabilization established below. 

Theorem If for any 
n linearly independent columns ~(1 

~20 In matrix (8) it Is possible to select 
l(n) so that the quadratio form (12) 

should be positive definite, then w&'&n find a constant v > 0 such that 
when Inequalities 

are satisfied, the unperturbed motion of system (6) can be stabilized by the 
llnear control (11) independently of terms O(t, r, u) . 

Proof . Let us examine the system with constant coefficients 

dx I dt = A (T) ix + B (T) u (14) 

where z> 0 is a fixed number. This system satisfies the condition of sta- 
bilization given in Theorem 4.1 [2) (see aIs0 papers 13 to 53). In fact, 
the space 
(10 

t 

!W'] which is mentioned in Theorem 4.1, ao,incldes awording to 

~(7 
with the space (x,3 and thus all eigenvectors s(i) an# S@)Of matrix 
in case of its simple structure or vectors I&, and I,,, in theCzrl 

case (see [2], pp.997 to 999) automatically fall into space {W']. - 
quently, by virtue of Theorem 4-l a linear control exists 

u (z, 5) = P (z) 5 (15) 

such that for every T>, 0 the trivial solution of the system of linear 
equations with constant coefficients 

dz i dt = A (z) s + 3 (7) P (7) x W 

wiX1 be automatically stable. 
According to [63 (p.62) a positive definite Llapunov's function etists 

for asymptotically stable system (16) 
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v (t, 2) = i aij (T) XiXj 
i,j=l 

such that 

dv (T* x (9 
dt 

(7 = const) 
(16) 

i=l 

(17) 

(18) 

Coefficients of this function C$ (T) 
from'condltlons (18). 

as Is well known, are computed 
For determlna~ion Af these coefflcients(C61 pp.57-66) 

a linear system of algebraic equations which depend on a,,(~), bik(7) and 
~~~(7) Is obtained. 

Here It Is Important to note the following. Control (15) under the con- 
dition of positive definiteness of form (12), can be selected so that matrix 
P(T) will be uniformly bounded for ~20, while form (17) In this case will 
have bounded coefficients for all z> 0 and will be positive definite unl- 
formly with respect to 7 . The validity of these statements Is derived on 
the basis of lolown estimates of control theory of linear systems (8). In 
this donnectlon values PBa(t) can be computed by solving the problem of 
analytical design of the control for system (16) c73 (see note 3.3 [2],p.994). 
Then we can select a control ~(7, X) - P(~)x 
(16), the following Inequalities 

so that for motions of systems 

II z (t)ll< /3llt (to)Ile-a(f--lqa,$ = const,a > 0, B > 0) 
would be satisfied unlfornly with respect to 7 . 

Now we compute the derivative ciu/dt by virtue of system (16) assuming 
7 in quadratic form (17) and In system (16) to be a variable quantity equal 
to t . We have 

dv (h x(t)) 
‘dt 1 + av (t> 2 (W 

(16) 
!at 

As was noted above, quantities Q 
coefficients of which depend on a, 

7) are computed from linear equations, 

dition of positive definiteness of 
b,,(7) and &,(7). For the con- 

system Is uniformly different from zero 
12.) the determinant A of this 
81, i.e. 

IAl>v (v = con&, v>O) 

It follows from this that If derivatives dUij(t)ldt 
dPkj (t) ! dt 

dbi, (1) 1 dl and 
are small, then derivatives 

ever, quantities dUij(t) /dt and dbj, (1) /dt 
daij(t)‘.ldt will also be small. How- 

condition (13). 
are selected small according to 

Smallness of quantities dpkj(t)/dt also follows from small- 
ness of quantities daij(t)!alt and dbk.(t)/dt . In fact, as was noted above, 
quantities P,.(t) can be computed b$ solvlng the problem of analytical 
design of the control [7] for system (14). It follows from the theory of 
this problem that under the condition of positive-definiteness of quadratic 
form (12), the quantities dpkj(t)/dt exist and are small If only the quanti- 
ties daij(t)ldt and &,Jt)/ & are small. 

Thus the second term In (19) can be made small In comparison to the first 
by selection of the quantity y > 0 . It follows from this that the deriva- 
tive (du (t, z (t)) / dt)(,,) for sufficiently small v 
quadratic form from x,. 

Is a negative definite 

ln (I7), 
Consequently the quadrakc form v(t, x), defined 

satisfies the following conditions: 

Cl II x II2 < v (6 4 d cz 11 x 112, I I g ,<c3IlxII 
z 

Here cl, a2 and cg are constants independent of t . 
this function (do/ dt),,, for u = P(t), 

The derivative of 
is a negative-definite function. 

:-’ 
We construct the derivative from the form 

plete system (6) for D - P(t)x . 
v(t, x) by virtue of the com- 
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We have 

By virtue of uniform boundedness of partial derivatives au/ax,, the 
quantity (20) Is also a negative definite function for sufficiently small 

ind consequently for u = P(t)s system (6) will be a&ptotlc- 
0 

theorem cl]. 
Independently of terms 

b[tjx 'stabilizes the system. 
t x 'u) In accordance with Llapunov's 

Therefore control u = The theo- 
rem is proved. 

BIBLIOGRAPHY 

1. Llapunov, A.M., Obshchala zadacha ob ustolchlvostl dvlzhenlla (The Gen- 
eral Problem of Stability of Motion). GosteWllzdat, 1959. 

2. Gal'perln, E.A. and Krasovskll, N.N., 0 stablllzatsll ustanovlvshlkhsla 
dvl 

% 
en11 nellnelnykh upravllaemykh slstem (On the stabilization of 

ate dy motions ln nonlinear control systems), i?W Vol.2'7, B 6, 1963. 

3. Kalman, P.E., On the general theory of control systems. 
Int.Congr.lnt.Fed.autom.Control, Vol.1, 1961. 

Proceedings of 

4. Kurtsvell', Ia., K analltlcheskomu konstrulrovanllu reguliatorov (Analy- 
tical design of controls). Avtomatlka Telemekh., Vo1.22, Ne 6, 1961. 

5. Kirlllova, F.M., K zadache ob analltlcheskom konstrulrovanll regullatdrov 
@&the problem of analytical design of controls). PW Vo1.25, W 3, 

. 

6. MMz;n;.G., Teorlla ustolchivostl dvlzhenlla (Theory of Stability of 
. Gostekhlzdat, 1952. 

7. Letov, A.M., Snalltlcheskoe konstrulrlvanie reguliatorov (Analytical 
design of controls). Avtomatlka Telemekh., Vo1.21, tW@4, 5, 6. 1960; 
Vo1.22, Np 4, 1961; Vo1.23, Np 11, 1962. 

8. Krasovskil, N.N., 0 stablllzatsll neustolchlvykh dvlzhenll dopolnitel'- 
nyml sllami prl nepolnol obratnol svlazl (On the stabilization of 
unstable motions by additional forces In the presence of Incomplete 
feedback). Plmt Vol.!27, w 4, 1963. 

Translated by B.D. 


